Abstract. In this note, we consider models in C 2 . The purpose of this note is twofold. We first show a characterization of models in C 2 by their noncompact automorphism groups. Then we give an explicit description for automorphism groups of models in C 2 .
Introduction
For a domain Ω in the complex Euclidean space C n , the set of biholomorphic self-maps forms a group under the binary operation of composition of mappings, which is called automorphism group (Aut(Ω)). The topology on Aut(Ω) is that of uniform convergence on compact sets (i.e., the compact-open topology).
A boundary point p ∈ ∂Ω is called a boundary orbit accumulation point if there exist a sequence {f j } ⊂ Aut(Ω) and a point q ∈ Ω such that f j (q) → p as j → ∞. The classification of domains with noncompact automorphism groups is pertinent to the study of the geometry of the boundary at an orbit accumulation point.
In this note, we consider a model
where H is a homogeneous subharmonic polynomial of degree 2m (m ≥ 1) which contains no harmonic terms. It is a well-known result of F. Berteloot [7] that if Ω ⊂ C 2 is pseudoconvex, of D'Angelo finite type near a boundary orbit accumulation point, then Ω is biholomorphically equivalent to a model M H . For the case Ω is strongly pseudoconvex, this result was proved by B. Wong [30] and J. P. Rosay [25] ; indeed, the model is biholomorphically equivalent to the unit ball. These results motivate the following several concepts.
A domain Ω ⊂ C 2 is said to satisfy Condition (M H ) at p ∈ ∂Ω if there exist neighborhoods U and V of p and (0, 0), respectively; a biholomorphism Φ from U ∩Ω onto V ∩ M H , which extends homeomophically to U ∩ ∂Ω such that Φ(p) = (0, 0). In this circumstance, we say that a sequence {η n } ⊂ U ∩ Ω converges tangentially to order s (s > 0) to p if dist(Φ(η n ), ∂M H ) ≈ |Φ(η n ) 1 | s , where dist(z, ∂M H ) is the Euclidean distance from z to ∂M H and Φ(η n ) 1 is the first coordinate of Φ(η n ).
Here and in what follows, and denote inequality up to a positive constant. Moreover, we will use ≈ for the combination of and .
We first prove the following theorem.
Theorem 1.
Let Ω be a domain in C 2 and let p ∈ ∂Ω. Suppose that Ω satisfies Condition (M H ) at p and there exist a sequence {f n } ⊂ Aut(Ω) and q ∈ Ω such that {f n (q)} converges tangentially to order ≤ 2m (= deg(H)) to p. Then Ω is biholomorphically equivalent to the model M H . Remark 1. Because of Condition (M H ) at p, Ω is of finite type at p. Therefore, it is proved in [7] that Ω is biholomorphically equivalent to some model MH , whereH is a subharmonic homogeneous polynomial. But we do not know the relationship between H andH. Theorem 1 tells us thatH is exactly equal to H.
For a domain Ω in C n , the automorphism group is not easy to describe explicitly; besides, it is unknown in most cases. For instance, the automorphism groups of various domains are given in [10, 16, 20, 21, 23, 27, 28] . Recently, explicit forms of automorphism groups of certain domains have been obtained in [1, 8, 9] .
The second part of this note is to describe automorphism groups of models in
for some a ∈ C with |a| < 1 and θ 1 , θ 2 ∈ R (cf. [16, Example 9, p.20] ). Let us denote by Ω m = {(z 1 , z 2 ) ∈ C 2 : Re z 2 + (Re z 1 ) 2m < 0}. All the other models, which are not biholomorphically equivalent to E 1,m or Ω m , will be treated together, as the generic case. Let us denote T 1 t , T 2 t , R θ , S λ by the following automorphisms:
where t ∈ R, λ > 0, and exp(iθ) is an L-root of unity ( see Section 4) . With these notations, we obtain the following our second main result.
Let S(Ω) denote the set of all boundary accumulation points for Aut(Ω). Then it follows from Theorem 2 that
We remark that, for any model M H in C 2 , S(M H ) is a smooth submanifold of ∂M H . Moreover, the D'Angelo type is constant and maximal along S(M H ). In addition, the behaviour of orbits in any model M H ⊂ C 2 is well-known. For instance, if there exist a point q ∈ M H and a sequence {f n } ⊂ Aut(M H ) such that {f n (q)} converges to some boundary accumulation point p ∈ S(M H ) \ {∞}, then it must converge tangentially to order ≤ deg(H) to p. In the past twenty years, much attention has been given to the behaviour of orbits near an orbit accumulation point. We refer the reader to the articles [17, 19, 18] , and references therein for the development of related subjects.
A typical consequence of Theorem 2 and the Berteloot's result [7] is as follows.
Corollary 1.
Let Ω be a domain in C 2 . Suppose that there exist a point q ∈ Ω and a sequence {f j } ⊂ Aut(Ω) such that {f j (q)} converges to p ∞ ∈ ∂Ω. Assume that the boundary of Ω is smooth, pseudoconvex, and of D'Angelo finite type near p ∞ (τ (∂Ω, p ∞ ) = 2m). Then exactly one of the following alternatives holds:
where
The dimensions 0, 1, 5, 6, 7 cannot occur with Ω as above.
For the case that ∂Ω is real analytic and of D'Angelo finite type near a boundary orbit accumulation point (without the hypothesis of pseudoconvexity), a similar result as the above corollary was obtained in [29] by using a different method. In addition, it was shown in [3] that a smoothly bounded Ω in C 2 with real analytic boundary and with noncompact automorphism group, must be biholomorphically equivalent to E 1,m . This paper is organized as follows. In Section 2, we review some basic notions needed later. In Section 3, we prove Theorem 1. Finally, the proof of Theorem 2 is given in Section 4.
Definitions and results
First of all, we recall the following definitions.
Definition 1 (see [11] ). Let Ω ⊂ C n be a domain with C ∞ -smooth boundary and p ∈ ∂Ω. Then the D'Angelo type τ (∂Ω, p) of ∂Ω at p is defined as
where ρ is a definining function of Ω near p, the supremum is taken over all germs of nonconstant holomorphic curves γ : (C, 0) → (C n , p). We say that p is a point of finite type if τ (∂Ω, p) < ∞ and of infinite type if otherwise. Definition 2. Let X, Y be complex spaces and F ⊂ Hol(X, Y ).
(i) A sequence f j ⊂ F is compactly divergent if for every compact set K ⊂ X and for every compact set L ⊂ Y there is a number
(ii) The family F is said to be not compactly divergent if F contains no compactly divergent subsequences.
Definition 3.
A complex space X is called taut if for any family F ⊂ Hol(∆, X), there exists a subsequence {f j } ⊂ F which is either convergent or compactly divergent, where ∆ = {z ∈ C : |z| < 1}.
We recall the concept of Carathéodory kernel convergence of domains which is relevant to the discussion of scaling methods (see [14] ). Note that the local Hausdorff convergence can replace the normal convergence in case the domains in consideration are convex.
Carathéodory kernelΩ at p of the sequence {Ω ν }, is defined to be the largest domain containing p having the property that each compact subset ofΩ lies in all but a finite number of the domains Ω ν . If p is not an interior point of
Carathéodory kernelΩ is {p}. The sequence {Ω ν } is said to converge to its kernel at p if every subsequence of {Ω ν } has the same kernel at p. We shall say that a sequence {Ω ν } of domains in C n converges normally toΩ
Ω ν such that {Ω ν } converges to its Carathéodory kernelΩ at p. Now we recall several results which will be used later on. The following proposition is a generalization of the theorem of Greene-Krantz [15] (cf. [13] ). (i) The sequence {f j } is compactly divergent, i.e., for each compact set K ⊂ A 0 and each compact set L ⊂ Ω 0 , there exists an integer j 0 such that
There exists a subsequence {f j k } ⊂ {f j } such that the sequence {f j k } converges uniformly on compact subsets of A 0 to a biholomorphic map
In closing this section we recall the following lemma (see [7] ).
Lemma 1 (F. Berteloot). Let σ ∞ be a subharmonic function of class C 2 on C such that σ ∞ (0) = 0 and C∂ ∂σ ∞ = +∞. Let {σ k } be a sequence of subharmonic functions on C which converges uniformly on compact subsets of C to σ ∞ . Let Ω be any domain in a complex manifold of dimension m (m ≥ 1) and let z 0 be a fixed point in Ω. Denote by M k the domain in C 2 defined by Let P be a subharmonic polynomial. Let us denote by M P the model given by
Let Ω be a domain in C 2 . Suppose that ∂Ω is pseudoconvex, finite type, and smooth of class C ∞ near a boundary point p ∈ ∂Ω. In [7] , F. Berteloot proved that if p is a boundary orbit accumulation point for Aut(Ω), then Ω is biholomorphically equivalent to a model M H , where H is a homogeneous subharmonic polynomial of degree 2m which contains no harmonic terms with H = 1. Here and in what follows, denote by P the maximum of absolute values of the coefficients of a polynomial P . Let us denote by P 2m the space of real valued polynomials on C with degree less than or equals to 2m and which do not contain any harmonic term and by H 2m = {H ∈ P 2m such that deg(H) = 2m and H is homogeneous and subharmonic}. From now on, let H ∈ H 2m be as in Theorem 1. Taking the risk of confusion we employ the notation
throughout the paper for all j, q ∈ N * . For each a = (a 1 , a 2 ) ∈ C 2 , let us define
where ǫ(a) = |Re a 2 + H(a 1 )| and τ (a) is chosen so that H a = 1. We note that ǫ(a) τ (a) ǫ(a) 1/(2m) . Denote by φ a the holomorphic map
It is easy to check that φ a maps biholomorphically M H onto M Ha and φ a (a) = (0, −1). Now let us consider a domain Ω in C 2 satisfying Condition (M H ) at a boundary point p ∈ ∂Ω. With no loss of generality, we can assume p = (0, 0) and
Assume that there exist a sequence {f n } ⊂ Aut(Ω) and a point q ∈ M H such that η n := f n (q) → (0, 0) as n → ∞. Remark 2. By Proposition 2.1 in [7] , Ω is taut and after taking a subsequence we may assume that for each compact subset K ⊂ ∆ there exists a positive integer n 0 such that f n (K) ⊂ Ω ∩ U for every n ≥ n 0 .
Since H ηn = 1, passing to a subsequence if necessary, we can assume that lim H ηn = H ∞ , where H ∞ ∈ P 2m and H ∞ = 1.
Proposition 2. Ω is biholomorphically equivalent to M H∞ .
Proof. Let ψ n := φ ηn • f n for each n ∈ N * and consider the following sequence of biholomorphisms
By Lemma 1 and by Remark 2, after taking a subsequence we may assume that {ψ n } converges uniformly on any compact subsets of Ω to a holomorphic map g : Ω → M H∞ . In the other hand, since Ω is taut we can assume that {ψ
n } converges also uniformly on any compact subset of M H∞ to a holomorphic map g : M H∞ → M H . Therefore it follows from Proposition 1 that g is biholomorphic, and hence Ω is biholomorphically equivalent to M H∞ .
Remark 4. i) Let {η n } be a sequence in M H which converges tangentially to order 2m to (0, 0). Set ǫ n := |ρ(η n )| ≈ |η n1 | 2m . Then we have
ii) Suppose that {η n } is a sequence in M H which converges tangentially to order < 2m to (0, 0). Then we have |η n1 | 2m = o(ǫ n ) and we thus obtain the following estimate |Re η n2 | = |ǫ n + H(η n1 )| ≈ |ǫ n |. Proof. Since {η n } converges tangentially to order 2m to (0, 0), it follows that
for each j, q > 0 with j + q ≤ 2m. Then we have the following estimate
, and therefore τ (η n ) ≈ ǫ 1/(2m) n . This implies that deg(H ∞ ) = 2m. Without loss of generality we can assume that lim ηn1 ǫ 1/(2m) n = α and lim
for any j, q > 0. Then we obtain lim a j,q (η n ) = 1 (j+q)! β j+q H j,q (α)w j 1w q 1 for each j, q > 0; hence
So, the holomorphic map given by
Proof. It is easy to see that
. On the other hand, since |η n1 | 2m = o(|ǫ n |), we have for j, q ∈ N with j, q > 0, j + q < 2m that
.
Therefore lim a j,q (η n ) = 0 for any j, q > 0 with j + q < 2m, and thus H ∞ = H. Hence, the proof is complete.
Proof of Theorem 1.
Let Ω and {f n } be a domain and a sequence, respectively, as in Theorem 1. Then, after a change of coordinates, we can assume that p = (0, 0) and
Moreover, we may also assume that η n := f n (q) ∈ U ∩M H for all n ∈ N * . Therefore, it follows from Proposition 2, Lemma 2, and Lemma 3 that Ω is biholomorphically equivalent to M H , which finishes the proof.
In the case that {η n } converges tangentially to order > 2m to (0, 0), we obtain the following proposition.
Proposition 3. Let {η n } ⊂ M H be a sequence which converges tangentially to order > 2m to (0, 0). If there exist j, q > 0 with j + q < 2m such that
This implies that lim
which is a contradiction. Thus, the proof is complete.
n, −2/n)} converges tangentially to order 4 to (0, 0). But the sequence {(1/ 4 √ n, −1/n − 1/n 2 )} converges tangentially to order 8 to (0, 0).
A direct calculation shows that τ n := τ (η n ) = 1 2n 3/4 for all n = 1, 2, . . . and thus the automorphism φ ηn is given by
We now show that there do not exist a sequence {f n } ⊂ Aut(E 1,2 ) and a ∈ E 1,2 such that η n = f n (a) → (0, 0) ∈ ∂E 1,2 as n → ∞. Indeed, suppose that there exist such a sequence {f n } and such a point a ∈ E 1,2 . Then by Proposition 2, E 1,2 is biholomorphically equivalent to the following domain D := {(w 1 , w 2 ) ∈ C 2 : Re w 2 + |w 1 | 2 < 0} ≃ B 2 . It is impossible.
Automorphism group of a model in C 2
In this section, we consider a model
is a nonzero real valued homogeneous polynomial of degree 2m, with a j ∈ C and a j = a 2m−j . We will give the explicit description of Aut(M H ). The D'Angelo type of ∂M H is given by the following.
Lemma 4. τ (∂M H , (α, −H(α) + it)) = m α for all α ∈ C and for all t ∈ R, where
Proof. By the following change of variables
the defining function for M H is now given by
By a computation, we get τ (∂M H , (α, −H(α) + it)) = m α , and thus the proof is complete.
Let P k (∂M H ) the set of all points in ∂M H of D'Angelo type k (k is either a positive integer or infinity). Let us denote by Γ := {(z 1 , −H(z 1 ) + it) | t ∈ R, z 1 ∈ C with Re(e iν z 1 ) = 0} if H(z 1 ) = a (2Re(e iν z 1 )) 2m − 2Re(e iν z 1 ) 2m for some a ∈ R * and for some ν ∈ [0, 2π) and by Γ := {(0, it) | t ∈ R} if otherwise.
Proof. It is not hard to show that Γ ⊂ P 2m (∂M H ). Now let p = (α, −H(α) + it) (α = 0) be any boundary point in ∂M H \ Γ. By Lemma 4, we see that τ (∂M H , p) = m α ≤ 2m. We will prove that τ (∂M H , p) < 2m. Indeed, suppose that, on the contrary, τ (∂M H , p) = m α = 2m. This implies that H j,q (α) = 0 for all j, q > 0 and j + q < 2m and thus
By a change of affine coordinates in C, we may assume that α = (1, 0) and thus f (x + 1, y) = f (x, y) for all (x, y) ∈ R 2 . Hence, for each y ∈ R f (x, y) is a periodic polynomial in x, and thus f (x, y) does not depend on x, i.e., f (x, y) = βy 2m−2 for some β ∈ R. Therefore by the above, we conclude that H 1,1 (z 1 ) = β(Re(e iν z 1 )) 2m−2 for some β ∈ R * and for some ν ∈ [0, 2π) and α satisfies Re(e iν α) = 0. Since H is a homogeneous polynomial of degree 2m without harmonic terms, it is easy to show that H(z 1 ) = a (2Re(e iν z 1 )) 2m − 2Re(e iν z 1 ) 2m for some a ∈ R * and (α, −H(α) + it) ∈ Γ, which is impossible. Thus the proof is complete.
We recall the following lemma, proved by F. Berteloot (see [7] ), which is the main ingredient in the proof of Theorem 2.
Lemma 6 (F. Berteloot). Let Q ∈ P 2m and H ∈ H 2m . Suppose that ψ : M H → M Q is a biholomorphism. Then there exist t 0 ∈ R and z 0 ∈ ∂M Q such that ψ and ψ −1 extend to be holomorphic in neighborhoods of (0, it 0 ) and z 0 , respectively. Moreover, the homogeneous part of higher degree in Q is equal to λH(e iν z) for some λ > 0 and ν ∈ [0, 2π).
Proof. According to [2] , there exists a holomorphic function φ on M Q which is continuous on M Q such that |φ| < 1 for z ∈ M Q and tends to 1 at infinity. Let ψ : M H → M Q be a biholomorphism. We claim that there exists t 0 ∈ R such that lim x→0 − inf |ψ(0 ′ , x+it 0 )| < +∞. Indeed, if this would not be the case, the function φ • ψ would be equal to 1 on the half plane {(z 1 , z 2 ) ∈ C 2 : Re z 2 < 0, z 1 = 0} and this is impossible since |φ| < 1 for |z| ≫ 1. Therefore, we may assume that there exists a sequence x k < 0 such that lim x k = 0 and lim ψ(0, x k + it 0 ) = z 0 ∈ ∂M Q . It is proved in [6] that under these circumstances ψ extends homeomorphically to ∂M H on some neighbourhood of (0, it 0 ). Then the result of Bell (see [4] ) shows that this extension is actually diffeomorphic. Moreover, it follows from [5, Theorem 3] (see also [12, 26] ) ψ and ψ −1 extend to be holomorphic in neighborhoods of (0, it 0 ) and z 0 , respectively. Therefore, the conclusion follows easily. Now we recall two basic integer valued invariants used in the normal form construction in [22] . Let l = m 0 < m 1 < · · · < m p ≤ m be indices in (1) for which a mi = 0. Denote by L the greatest common divisor of 2m
and it is known that M H is biholomorphically equivalent to the domain
The automorphism group of E 1,m is well-known (see [16, Example 9, p. 20] ).
So, in what follows we only consider the case l < m. Moreover, we consider the model Ω m = {(z 1 , z 2 ) ∈ C : Re z 2 + (Re z 1 ) 2m < 0} and others which are not biholomorphically equivalent to it.
2m for some a > 0 and for some ν ∈ [0, 2π), then M H ≃ Ω m and L = 2. Indeed, L = 2 is obvious. Now let us denote by Φ :
Then it is easy to check that Ω m = Φ(M H ). Hence, the assertion follows. for all (z 1 , z 2 ) ∈ M H , where e iθ is an L-root of unity. Thus f = S λ • R θ , and hence the proof is complete. **Department of Mathematics, Hanoi National University of Education, 136 Xuan Thuy str., Hanoi, Vietnam E-mail address: ducphuongma@gmail.com
